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The real number system

Numbers that can be represented on a number line are called real numbers. Set of real 

numbers is denoted by ℝ. 

Axioms of the Set ℝ

Field Axioms:

A set ℝ that has more than one element is said to be a field 

under two compositions of Addition and Multiplication 

defined in it if the following properties are satisfied for all 

𝑎,𝑏,𝑐 ∈ ℝ .
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Order Axioms:

Generally, the order relation does not exists between the members of a set or filed. 

That means we cannot speak of one member being greater than or less than the 

other. A field is said to be an ordered field if it satisfies the following properties.

❖ It can be easily seen that the set ℚ and ℝ are ordered fields while the set ℕ and ℤ 

are not fields.
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Definition :  

❖ Let S be a subset of ℝ. If there exists a real number m such that m ≥ 𝑠 for all s ∈ S, then m 

is called an upper bound for S, and we say that S is bounded above. 

 If 𝑚 ≤ 𝑠 for all s ∈ S, then m is a lower bound for S and S is bounded below. 

 The set S is said to be bounded if it is bounded above and bounded below.

❖ If an upper bound m for S is a member of S, then m is called the maximum ( or largest 

element) of S, and we write

𝒎 = 𝐦𝐚𝐱 𝑺

 Similarly, if a lower bound of S is a member of S, then it is called the minimum ( or   

least element) of S, denoted by min S.



5

❖ A set may have upper or lower bounds, or it may have neither. If m is an upper bound for 

S, then any number grater than m is also an upper bound. While a set may have many 

upper and lower bounds, if it has a maximum or a minimum, then those values are unique.

Example:  The set S = {2,4,6,8} is bounded above by 8 and  any other real number grater 

        than or equal to 8.

Example:  Let 𝐴 =  (−∞, 3). The set A is bounded above by 5, and it is not bounded below.
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Example:  The interval [0, ∞ ) is not bonded above.

Example:  The interval  (0,4] has a maximum of 4, and this is the smallest of the upper bounds.
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Example: Find upper and lower bounds, the maximum, and the minimum of the set 

𝑇 = { 𝑞 ∈ ℚ ∶ 0 ≤ 𝑞 ≤ 2 }, if they exist.

Definition: Let 𝑆 be a nonempty subset of ℝ.

(a)If 𝑆 is bounded above and the set of all upper bounds of 𝑆 has minimum, then we say that 𝑆 

has a least upper bound (l.u.b.) and the smallest upper bound is called the supremum of 𝑆 

and denote it by sup 𝑆. 

(b) If 𝑆 is bounded below and the set of all lower bounds 𝑆 maximum, then we say that 𝑆 has a 

greatest lower bound (g.l.b) and the smallest lower bound is called the infimum of 𝑆 and 

denote it by 𝑖𝑛𝑓𝑆.

Clearly, 𝑠𝑢𝑝 𝑆 and 𝑖𝑛𝑓 𝑆 may or may not exist and in case exist, it may or may not belong to 𝑆.
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Example: Find maximum and minimum, the supremum, and the infimum of the set 

𝐴 = {
1

𝑛2 ∶ 𝑛 ∈ ℕ 𝑎𝑛𝑑 𝑛 ≥ 3}, if they exist.

Example: Find maximum and minimum, the supremum, and the infimum of the set 

𝐷 = {𝑥 ∈ ℝ 𝑎𝑛𝑑 𝑥2 < 10}, if they exist.

Example: Find maximum and minimum of the sets ℕ, ℚ and ℤ, if they exist.
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Definition : 

Theorem : 
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❖ We use standard notation for intervals. Given real numbers a > b, there are four intervals 

with endpoints a and b. 
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❖ Open and closed intervals may be described by inequalities. For example, the interval (−r, r) 

is described by the inequality |x| < r. 

More generally, for an interval symmetric about the value c,
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❖ The first part of this text deals with numerical functions f, where both the domain and the range 

are sets of real numbers. We refer to such a functions interchangeably a f or f(x).The letter x is 

used often to denote the independent variable that can take on any value in the domain D. We 

write y = f(x) and refer to y as the dependent variable.
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❖                           .
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❖ Vertical Line Test : A curve in the plane is the graph of a function if and only if each vertical 

line x = a intersects the curve in at most one point.



18

❖ Increasing and Decreasing Functions
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❖ Even function and Odd function
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